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Abstrat. We study the eets of noise on the olletive dynamis of an ensemble of oupled phase osil-
lators whose natural frequenies are all idential, but whose oupling strengths are not the same all over
the ensemble. The intensity of noise an also be heterogeneous, representing diversity in the individual
responses to external utuations. We show that the desynhronization transition indued by noise may be
ompletely suppressed, even for arbitrarily large noise intensities, is the distribution of oupling strengths
deays slowly enough for large ouplings. Equivalently, if the response to noise of a suiently large fration
of the ensemble is weak enough, desynhronization annot our. The two eets ombine with eah other
when the response to noise and the oupling strength of eah osillator are orrelated. This ombination
is quantitatively haraterized and illustrated with expliit examples.
PACS. 05.45.Xt Synhronization; oupled osillators  89.75.Fb Strutures and organization in omplex
systems  05.70.Fh Phase transitions: general studies
The statistial desription of a large physial system,
formed by a multitude of interating elements, is admit-
tedly simpler if all the elements are mutually idential.
In suh a homogeneous ensemble, every element is rep-
resentative of any other, whih simplies the alulation
of average quantities and olletive properties, both stati
and dynami. Many appliations require however the on-
sideration of heterogeneous ensembles to aount for vari-
ous soures of diversity, from dispersion in the parameters
that govern the individual dynamis of the elements and
their interation, to dierenes in the external inuenes,
suh as noise, that aet eah element independently [1℄.
Kuramoto's theory for the synhronization of oupled
osillators [2℄ is an instane where heterogeneity plays a
key role in the olletive behaviour of a large ensemble.
The synhronization transition, between states of inoher-
ent and oherent dynamis, results from the ompetition
of the strength of oupling and the dispersion in the natu-
ral frequenies of individual osillators [3℄. Further soures
of heterogeneity are, for instane, the topology of onne-
tion patterns [4,5℄ and diversity in the interation laws
between osillator pairs [6℄.
In this paper, we study an extension of Kuramoto's
model, with two additional soures of diversity, whih still
admits a fully analytial treatment. Consider an ensemble
of N phase osillators, eah of them haraterized by a
phase φi ∈ [0, 2pi). The dynamis of phases is given by
φ˙i = ωi +
ki
N
N∑
j=1
sin(φj − φi) + ξi(t), (1)
i = 1, . . . , N , where ωi is the natural frequeny of os-
illator i, ki > 0 is the oupling strength for the same
osillator. In the standard Kuramoto's model, all osilla-
tors have idential oupling strengths, ki = K for all i.
The non-orrelated Gaussian noises ξi(t) have zero mean,
and 〈ξi(t)ξj(t
′)〉 = 2siδijδ(t− t
′). Note that here we admit
that the intensity of noise, si > 0, may be dierent for
eah osillator, standing for diversity in the response to
external utuations.
As in the standard model [2,7℄, equation (1) an be
reast as
φ˙i = ωi + kiσ sin(Φ− φi) + ξi(t), (2)
with
σ exp(iΦ) =
1
N
N∑
j=1
exp(iφj). (3)
The non-negative number σ is the Kuramoto order pa-
rameter, whih haraterizes the synhronization transi-
tion: σ = 0 represents an inoherent state with uniform
distribution of phases, while σ > 0 reveals a ertain de-
gree of organization in the phases, that we assoiate with
synhronization.
In previous work [8,9℄, we have studied the extended
model (2) in the absene of noise, si ≡ 0 for all i. Hetero-
geneous oupling strengths make it possible that an osil-
lator whose natural frequeny is far from the synhroniza-
tion frequeny beomes nevertheless entrained in synhro-
nized behaviour if its oupling strength is large enough.
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Synhronization is thus enhaned. If, on the other hand,
osillators lose to the synhronization frequeny have sys-
tematially low oupling strengths, synhronization may
be ompletely suppressed.
Here, we fous our attention on the ase where the
natural frequenies of all osillators are idential, ωi = ω
for all i. The transformation φi → φi + ωt for all i makes
it possible to take, without generality loss, ω ≡ 0. Now,
moreover, external noise is present: si 6= 0. Heterogeneity
in the intrinsi dynamis of the osillators, given by their
natural frequenies, is thus replaed by utuations in the
form of additive noise.
In order to provide a statistial desription of our sys-
tem in the limit N → ∞, we introdue n(k, s;φ, t), the
density of osillators with oupling strength k and noise
intensity s whih, at time t, have phase φ. Standard re-
sults from the theory of stohasti proesses [10℄ establish
that, if equation (1) governs the dynamis of phases, the
density n(k, s;φ, t) satises the Fokker-Plank equation
∂tn = s∂
2
φn+ kσ∂φ[n sin(φ− Φ)]. (4)
The stationary solution to this equation, obtained from
∂tn ≡ 0, reads
n(k, s;φ) =
1
2piI0(kσ/s)
exp
[
kσ
s
cos(φ− Φ)
]
, (5)
where Iν(x) is the order-ν modied Bessel funtion of the
rst kind [11℄. This solution, whih is expeted to rep-
resent the long-time, equilibrium distribution of phases,
remains however a formal expression, sine both σ and Φ
are still unknown.
To obtain self-onsistent values for σ and Φ, we trans-
form equation (3) into its ontinuous version by using the
osillator density n. To do this, we assume that the in-
teration strengths ki and the noise intensities si are as-
signed over the ensemble following a presribed distribu-
tion W (k, s). The normalization of this distribution re-
quires ∫
∞
0
dk
∫
∞
0
dsW (k, s) = 1. (6)
Note that, sine both the interation strength and the
noise intensity of a given osillator measure its response
to extrinsi ations respetively, the rest of the ensemble
and utuations it is not unlikely that they are orrelated
attributes, so that W (k, s) annot generally be fatorized.
The sum over osillators in equation (3) beomes thus a
multiple integral over k, s, and the phase φ. Using the
equilibrium density of equation (5), we get
σ =
∫ 2pi
0
dφ
∫
∞
0
dk
∫
∞
0
ds
W (k, s)
2piI0(kσ/s)
× exp
(
kσ
s
cosφ
)
exp (iφ) . (7)
Due to the fat that the integrand is 2pi-periodi in
φ and that the integral over the phase runs over a whole
period, the value of the olletive phase Φ is arbitrary; we
have hosen Φ = 0. Performing the integral over φ, we nd
σ =
∫
∞
0
dk
∫
∞
0
dsW (k, s)
I1(kσ/s)
I0(kσ/s)
. (8)
This impliit equation for σ is our main result. It deter-
mines the order parameter in terms of the density of in-
teration strengths and noise intensities, W (k, s). It al-
ways has a trivial solution σ = 0 whih, aording to
equation (5), orresponds to a uniform phase distribution
n(k, s;φ) = (2pi)−1. Synhronized states are those where,
on the ontrary, σ 6= 0.
For homogeneous interation strengths and noise in-
tensities, ki = K and si = S for all i, we have W (k, s) =
δ(k −K)δ(s− S). Equation (8) redues to
σ = I1(Kσ/S)/I0(Kσ/S), (9)
a limit that has already been analyzed in the literature [1℄.
For large intensity noises, the only solution is σ = 0, and
the osillator ensemble is unsynhronized. On the other
hand, a positive solution exists if S is suiently small.
This solution appears through a pithfork bifuration at
the ritial noise intensity Sc = K/2. It approahes σ = 1,
orresponding to omplete synhronization, as S → 0.
To study how this senario hanges when interation
strengths and noise intensities are not the same all over
the ensemble, we rst analyze the behaviour of the right-
hand side of equation (8) whih, for oniseness, we all
J(σ) as a funtion of σ. We assume that the distribution
W (k, s), whih must satisfy the normalization (6), is reg-
ular enough as to warrant the onlusions drawn in the
following. Sine I0(0) = 1 and I1(0) = 0, J(σ) vanishes
as σ → 0. The ratio I1(x)/I0(x), in turn, tends to one as
x→∞. Therefore, by virtue of equation (6), J(σ) also ap-
proahes one as σ →∞. Assuming that J(σ) varies mono-
tonially from zero to one as σ grows from zero to innity,
equation (8) will have a single solution at σ = 0 if the slope
of J(σ) at that point is lower than one. On the other hand,
a non-trivial solution will exist if the slope is greater than
one. Straightforward alulation of the derivatives of the
Bessel funtions at zero shows that this ondition, whih
xes the threshold for synhronization, is equivalent to
1 =
∫
∞
0
dk
∫
∞
0
ds
k
2s
W (k, s). (10)
This equation must be interpreted as a ondition to be
fullled by the parameters that dene the distribution
W (k, s). In parameter spae, it determines the boundary
between regions of synhronized and unsynhronized dy-
namis, namely, the desynhronization boundary.
To appraise how equation (10) works, let us analyze
two extreme situations. In the rst situation, the oupling
strength and the noise intensity of eah osillator are fully
unorrelated attributes, so that their distribution an be
fatorized as W (k, s) = W1(k)W2(s). Suppose also that
W2(s) = δ(s − S), so that the noise intensity is equal
to S all over the ensemble. In this ase, equation (10)
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establishes that the ritial noise intensity is
Sc =
1
2
∫
∞
0
dk kW1(k). (11)
From this result we draw our rst important onlusion: in
an ensemble with heterogeneous oupling, noise is able to
suppress synhronization as long as the funtion kW1(k) is
integrable over (0,∞). In other words, if the distribution
of oupling strengths deays slowly enough for k → ∞
namely, as W1 ∼ k
−p
with 1 < p < 2 synhronized
behaviour persists even for arbitrarily large external u-
tuations.
For more general forms of W2(s), the fatorization of
W (k, s) implies that the right-hand side of equation (10) is
a produt of two integrals, respetively over k and s. The
equation an hold only if the two integrals onverge. In
partiular, the funtion s−1W2(s) must be integrable over
(0,∞). Now, therefore, utuations are able to suppress
synhronized behaviour only if W2(s) vanishes for s →
0. Speially, if the fration of the ensemble with noise
intensities below a small threshold δs is proportional to δs
(or larger), too many osillators are subjet to too weak
noise, and utuations annot inhibit synhronization.
At the opposite extreme, we examine the ase where
the orrelation between oupling strength and noise in-
tensity is so strong that one of the two attributes is a
given funtion of the other. We take s ≡ ζ(k), so that
W (k, s) = W1(k)δ[s− ζ(k)]. Equation (10) beomes
1 =
∫
∞
0
dk
k
2ζ(k)
W1(k). (12)
A neessary ondition for this equation to hold is now that
the funtion kW1(k)/ζ(k) is integrable over (0,∞). In par-
tiular, the distribution of oupling strengths may deay
as slowly as to make the produt kW1(k) non-integrable.
But if, at the same time, the intensity of noise grows su-
iently fast with the oupling strength, the desynhroniza-
tion transition an still take plae. As for the integrability
ondition at k → 0, the integral may diverge if the noise
intensity ζ(k) exhibits a suiently fast deay with the
oupling strength.
Let us illustrate these onlusions with results for the
order parameter σ orresponding to some spei forms
of the distribution of oupling strengths and noise inten-
sities, hosen in suh a way as to exemplify the dierent
situations analyzed above. Generally, equation (8) must
be solved by numerial means, as expliit expressions for
the involved integrals are usually not known.
Consider rst the ase where the noise intensity S is
the same all over the ensemble. For the distribution of
oupling strengths, we take
W1(k) = (p− 1)(1 + k)
−p
(13)
with p > 1, i.e. a power-law deaying funtion of k. Fig-
ure 1 shows the order parameter as a funtion of the noise
intensity for several values of p. As expeted, in all ases,
the degree of synhronization dereases with noise. The
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Fig. 1. Kuramoto order parameter σ as a funtion of the noise
intensity S in an ensemble of oupled osillators with oupling
strength distribution W1(k) = (p − 1)(1 + k)
−p
, for several
values of p. The inset shows the synhronization region (σ 6= 0;
shaded) in the parameter plane (S, p).
ritial noise intensity at whih the order parameter van-
ishes, Sc = [2(p−2)]
−1
, is well dened for p > 2. Note also
that the behaviour of σ at the ritial point varies with
p. Approximating equation (8) for σ ≈ 0, in fat, we nd
σ ≈ α(Sc−S)
1/(p−2)
, with α a onstant. For 1 < p ≤ 2, the
order parameter deays indenitely, never reahing zero,
as S grows. The inset of Figure 1 shows, in gray, the zone
of parameter spae where synhronized dynamis ours.
This phase diagram suggests that the behaviour of the or-
der parameter as a funtion of p, for xed noise intensity,
would be qualitatively the same as shown in the main plot
as a funtion of S.
Next, we onsider that the noise intensity is heteroge-
neous, but still unorrelated to the oupling strength. We
take
W2(s) = w0s
q exp[−(q + 1)s/S], (14)
where w0 is a normalization onstant. The exponent q >
−1, ontrols the shape of the distribution at s = 0. For
q > 0, the distribution vanishes at the origin and has a
maximum at s = Sq/(q + 1). As q → ∞, it approahes
W2(s) = δ(s − S), the ase onsidered in the preeding
paragraph. For q = 0, the distribution is a purely deay-
ing exponential, and for q < 0 it diverges as s approahes
zero. As for the distribution of oupling strengths, we
take the same as in equation (13) with p = 3, namely,
W1(k) = 2(1 + k)
−3
. In Figure 2, we plot the order pa-
rameter σ as a funtion of the noise parameter S, for
several values of the exponent q. The urve for q → ∞
oinides with that of Figure 1 for p = 3. The ritial
noise parameter at whih σ vanishes, Sc, shifts to higher
values as q dereases. Its analytial evaluation, in fat,
shows that the desynhronization transition takes plae at
Sc = (1+ q)/2q. As expeted, q = 0 is the largest value of
q for whih noise is not able to suppress synhronization.
4 D. H. Zanette: Noise and oupling in heterogeneous osillator ensembles
0.0 0.5 1.0 1.5 2.0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
q = −0.5
q → ∞ 1.0
0.5
0.0
o
rd
er
 p
ar
am
et
er
 σ
noise parameter S
0 1 2 3
-1
0
1
2
3
q
 S
Fig. 2. Kuramoto order parameter σ as a funtion of the pa-
rameter S in an ensemble of oupled osillators with noise in-
tensity distribution W2(s) ∝ s
q exp[−(q + 1)s/S], for several
values of q. The oupling strength distribution is as in g. 1,
with p = 3. The inset shows the synhronization region (σ 6= 0;
shaded) in the parameter plane (S, q).
For smaller exponents, the distribution of noise intensi-
ties does not vanish at s = 0, and synhronized behaviour
persists even for arbitrarily large values of S.
Finally, we study a ase where there is orrelation be-
tween the oupling strength and the noise intensity of eah
osillator. However, instead of taking as in the derivation
of equation (12) a deterministi relation between k and
s, we x
W (k, s) =
s
2ζ2(k)
exp[−s/ζ(k)](1 + k)−3/2, (15)
whih ombines the above form of W1(k), equation (13),
for p = 3/2 with an exponential funtion orrelating k and
s. For a given value of k, this funtion has a maximum at
s = ζ(k); we take ζ(k) ≡ S(1 + k)r. The exponent r on-
trols how the most frequent noise intensity ζ depends on
the oupling strength. For r = 0, the orrelation between
k and s disappears. The distribution of noise intensities
beomes independent of k and, beause of the slow deay
in the distribution of oupling strengths, noise is not able
to suppress synhronization. As r grows positive, on the
other hand, osillators with larger oupling strengths suf-
fer, on the average, larger noise intensities, and synhro-
nization may be inhibited by noise. Analytial alulations
on equation (10) show that the desynhronization transi-
tion takes plae if r > 1/2. In this situation, the ritial
value for the noise parameter is Sc = (4r
2 − 1)−1. Figure
3 displays the Kuramoto order parameter as a funtion of
S, for several values of the exponent r.
Our main onlusions an be summarized as follows.
We have onsidered a heterogeneous ensemble of oupled
phase osillators subjet to external utuations, where
the oupling strength and the eet of noise an be dif-
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Fig. 3. Kuramoto order parameter σ as a funtion of the pa-
rameter S in an ensemble of oupled osillators with the dis-
tribution of oupling strengths and noise intensities given in
equation (15), taking ζ(k) = S(1 + k)r, as a funtion of S and
for several values of r. The inset shows the synhronization
region (σ 6= 0; shaded) in the parameter plane (S, r).
ferent for eah osillator. In ensembles with homogeneous
oupling synhronized behaviour emerges spontaneously,
but suiently large homogeneous utuations inhibit syn-
hronization [1℄. We have shown here that, on the other
hand, homogeneous noise may not be able to inhibit syn-
hronization if the oupling strength is not the same for
all osillators. Speially, if the distribution of oupling
strengths deays slowly enough for large ouplings, syn-
hronization persists even under arbitrarily large utu-
ations. A similar, omplementary eet takes plae when
noise intensities are in turn heterogeneous over the ensem-
ble. An exess of osillators with very small response to
noise an suppress unsynhronized behaviour, even when
the distribution of oupling strengths would allow for the
desynhronization transition under large homogeneous noise.
In the more generi situation where the oupling strength
and the noise intensity of eah osillator are orrelated,
the two attributes may ontrol eah other. Large ou-
plings, whih favor synhronization, ompete with large
utuations, whih tend to inhibit oherent behaviour.
The preise form of their orrelation denes whether the
desynhronization transition exists or not.
Similar results were impliit in the analysis of osil-
lator ensembles where both natural frequenies and ou-
pling strengths are heterogeneous, in the absene of noise
[8,9℄. For instane, if the distribution of oupling strengths
at the synhronization frequeny deays slowly enough,
the desynhronization transition indued by a suiently
at distribution of natural frequenies is suppressed, and
synhronized dynamis persists for arbitrarily at distri-
butions. This provides a further example of the equiva-
lent roles of diversity in our ase, heterogeneous natural
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frequenies and noise, in the olletive dynamis of large
ensembles of interating elements [1,12,13℄.
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